we treat upon the transformations of the non-holonomic systems. Since there are three kinds of the previous operations, any two of these produce their products. In the last chapter, we discuss therefore the commutativity of these products.
The present author wishes to express to Prof. A. KAWAGUCHI her very sincere appreciation for his helpful guidance and his careful criticisms. \S 1. Notations and preliminaries. In the present paper we shall employ at most two holonomic coordinate systems $x$ and oo and so far as the quantities that bear indices are concerned, we shall distinguish them whenever feasible by restricting the choice of indicial letters. is a variable of number $a$ of the system $\overline{x}$ . Differentiation with respect (1) Number in brackets refer to the references at the end of the paper.
Non-HolonomtC System in a $\Phi ace$ of Higher $Ord\ell rI$ . and it is called an extended point (or expoint) following H. V. CRAIG [3] .
The coordinate transformation: $\overline{x}^{a}=\overline{x}^{a}(x^{i})(a, i=1, \cdots , N)$ , which is assumed to be of class $M$ and regular [4] , gives rise upon successive differentiations with respect to the parameter $t$ of a parameterized arc to the "coordinate transformation of extended point" :
$\overline{x}=\overline{x}^{a}(x^{i})$ , $\overline{x}^{(1_{\text{ }}^{\backslash }4}=\frac{9\overline{x}^{a}}{9x^{t}}x^{(1)}$ , (1. 1) $x^{2^{\backslash }a}\prec=\frac{\partial\overline{x}^{a}}{9X}x^{(2)}+\frac{9^{o}\overline{x}^{a}}{9x9X^{j}}x^{ (1)i}x^{ (1) Especially $\frac{9x^{a)a}\prec}{9x^{(\beta)t}}=\frac{9\overline{x}^{a}}{9x^{t}}$ for $\alpha=\beta$ , and $\frac{9\overline{x}^{(a)a}}{9x^{(\beta)}}=0$ for $\alpha<\beta$ .
The notion of extensor is merely that of tensor relative to this extended transformation. Its components will be denoted by means of shall call such transformations (3.1) as the $mn$-holomomic transformafions of the non-hoZononic system and such a transformation group as the nonholonomic tran sformation group. The determinant $N$ is written by $N=|N_{ca^{\prime}}^{0l^{\prime}}|\times\cdots\cdots\cdots\times|N_{Ga}^{G^{\prime}},$ $|$ from (3.2) and the functions $N_{\delta^{\prime}j^{\prime}}^{\alpha^{\prime}a^{\prime}}$ corresponding to the inverse transformation of (3.1) are obtained as the solutions satisfying the equations $N_{a' a}^{\Gamma^{\prime}\ell^{\prime}},$ $N_{\delta j^{\prime}}^{a^{\prime}a^{\prime}}=\delta_{\delta}^{r}1\delta_{j}^{t^{\prime}}$ , where concerning with these functions $N_{\delta^{\prime}j}^{a^{\prime}a^{\prime}}$ , we should remember the same remark as that for $\lambda_{\delta^{\prime}j}^{Ti}$ , in \S 2.
Definition. If there is at a certain point of a parameterized arc of class $P$ in our space one set of In virtue of this deflnition, it will be seen easily that the characteristic of the extensor is not changed by the nonholonomic transformations. Henceforth 
Theorem 4: The quantities $C_{\rho\prime r}^{\tau\prime_{i^{\prime}}}$ , are given by Proof. By virtueof the non-holonomic transformation of the nonholonomic systems: $\lambda_{\tau}^{T^{\prime\prime}}=\sum_{a'-\tau}^{\tau^{l}}N_{a^{\prime}a^{\prime}}^{T^{\prime\prime}}\lambda_{\tau}^{a^{\prime}a^{\prime}}$ and $\lambda_{0j}^{nt},$ $=N_{0j}^{b^{\prime}}(\lambda_{0b^{\prime}}^{Cl}$ , it follows that $C_{\rho j}^{\Gamma^{\prime\prime}},$ $=\sum_{\tau-p^{\prime}}^{\tau^{\prime}}(\rho\Gamma)\lambda_{Y}^{T^{\prime\prime}}\lambda_{0j^{\prime}}^{0t(r-\rho^{\prime})}$ $=.\sum_{r\approx\rho^{\prime}a}^{T^{\prime}}\sum_{-r}^{\mathcal{T}^{\prime}}\sum_{\delta^{\prime}\approx 0}^{f-p\prime}(p\tau,)(\tau\delta^{\prime}-t^{\prime})N_{a}^{\Gamma^{\prime}t^{\prime}}N^{0_{J}}:\lambda_{\Gamma i}^{a^{\prime}a^{\prime}}\lambda_{0b^{\prime}}^{\mathfrak{c}(f-\beta^{\prime}-\delta^{\prime})}$ $=\sum_{\delta\Leftrightarrow 0}^{\tau^{\prime}-\beta^{\prime}}\sum_{a^{\prime}-\delta+\beta^{\prime}}^{\tau^{\prime}}(\beta^{\prime}'+\delta^{\prime})N_{a^{\prime}a}^{\gamma\prime}',N_{0j'}^{0b^{\prime}(\delta^{\prime})}\sum_{\infty l\delta+0^{\prime}}^{a^{\prime}}(\delta^{\prime}\star\tau 0^{\prime})\lambda_{-1}^{aa}\prime\prime\lambda_{Cb^{\prime}}^{0t(\gamma^{-}-\rho^{\prime}-\delta^{\prime})}$ $=\sum_{\beta\Leftarrow\beta a}^{\tau^{\prime}},\sum_{-\beta}^{\tau^{\prime}},(\mathcal{B}^{\prime}\rho')N_{a' a}^{t^{\prime\prime}},$ $N_{0j}^{c\iota}1^{(\beta^{\prime}-\beta^{\prime})}C_{\beta^{\prime}b^{\prime}}^{a^{\prime}a^{\prime}}$ (putting $\delta^{\prime}+\rho^{\prime}=\beta^{\prime}$ ).
Remark. If we confine ourselves to consider functions $N_{\alpha' a}^{\Gamma^{\prime\prime}}$ , of expoints with $8ame$ properties as functions $X_{(\tau)}^{(\alpha)a}$ induced from ( 
Consequently, it follows that
we get the following results
The right member of the above equation shows the structure of has the properties stated in following theoremg 6-8.
Proof. In a holdnomic system, the quantities $\lambda_{r}^{\Gamma' t^{\prime}}$ must be indicated by $X_{(\tau)}^{(f^{\prime})}$ :' , accordingly (4.2) becomes as follows:
Also, by using the fact that Proof. By virtue of the non-holonomic transformation
and $\lambda_{\delta j}^{\tau+\lambda t},$ $=\sum_{\beta\rightarrow\delta}^{\tau+\iota}N_{\delta j}^{\beta^{\prime}b^{\prime}},\lambda_{\beta b}^{\tau+\lambda}f$ , we get as follows:
Non-Holonomic Systpm in a $g_{\omega e}$ of Higher Or&r
hence it follows that
Theorem 9: For non-holonomic $cm,p\sigma nents$ of an $\cdot$ $ eueontravariant\backslash \cdot$ ex- Proof. Since $v^{\gamma\prime t^{\prime}}/f$ are non-holonomic components of an excontravariant extensor of characteristic $(1, 0, R, M)$, it follows that
and using the fact that 
where we have used 
-operation of an excovariant extensors in a $nQn\cdot holo$ .
nomic system. Under the
The non-holonomic components of this extensor $\mathfrak{S}^{H}w_{\tau}$ will be expressed in terms of the non-holonomic quantities in the following way.
By using $w_{\tau+\nu}(y)=\sum_{\delta\Leftrightarrow\tau+\nu}R\sum_{\beta-0}^{\nu}(_{\rho}^{\nu})\lambda_{r+\nu'}^{8^{\prime}j(\nu-\rho)}w_{\delta^{\prime}J^{(0)}}$ which follows from 
Since $\lambda_{\tau}^{\gamma}$ in the last member may be considere
shows the structure of $\mathfrak{S}^{R}w_{r^{f}t^{\prime}}$ and $C_{\tau}^{0^{\prime}a;}j^{\prime}(\mathfrak{S}^{R})$ are called $v^{\lambda(\tau-\lambda)}=(\sum_{\delta\leftarrow 0}^{\lambda}\lambda_{\delta' J}^{l}, v^{fj^{\prime}})^{(T-\lambda)}=\sum_{\delta-0}^{l}\sum_{\mu-0}^{T-\lambda}(T\overline{\mu}\lambda)\lambda_{\delta l^{\prime}}^{lt(\tau-\iota-\mu)}v^{\delta^{\prime}j^{\prime}(\mu)}$ into (6.1), then the components of the extensor $8^{H}v^{T^{\prime}i^{\prime}}=\sum_{\tau r0}^{\tau^{\prime}}\lambda_{\tau}^{\tau^{\prime}\iota^{\prime}}8^{R}v^{Ti}$ $(\gamma^{\prime}=0, \cdots\cdots , R)$ in the non-holonomic system have the forms 8 $v^{\tau^{\prime\prime}}=\sum_{f-0}^{Y^{\prime}}\lambda_{\tau}^{\tau^{\prime}t^{\prime}}\sum_{l-0}^{\rceil}\sum_{\delta-0}^{l}\sum_{\mu-0}^{Y-l}2^{H}$ a $(1-2^{H})^{Y-\lambda}(\tau\lambda)(t\overline{\mu}\lambda)\lambda_{\delta j}^{\lambda t(Y-\lambda-\mu)}v^{\delta^{\prime}j^{\prime}(\mu)}$ $=\sum_{\tau-0}^{r^{\prime}}\lambda_{\gamma l}^{r^{\prime}t^{\prime}}\sum_{\mu-0}^{\tau}\sum_{\delta'-0}^{\tau-\mu}\sum_{\lambda-S^{\prime}}^{\tau-\mu}2^{H}$ a $(1-2^{H})^{\gamma-\mu-\iota}(Y-\lambda\mu)$ $\times\lambda_{\overline{\delta}}^{\lambda}t(\gamma-\lambda-\mu)(1-2^{R})^{\mu}(\mu\tau)v^{\delta^{\prime}j^{\prime}(\mu)}$ Since we se $e$ , using the fact that $\lambda_{\delta j}^{\lambda},$ $=0$ for $\lambda<\delta^{\prime}$ , $\sum_{l-\delta^{\prime}}^{T-\mu}2^{H\lambda}(1-2^{B})^{t-\mu}\vee\lambda(t-\lambda\mu)\lambda_{\delta j}^{\lambda(\tau-\lambda-\mu)}=\sum_{\lambda-0}^{\tau-\mu}(\tau l-\mu)2^{Rl}(1-2^{H})^{\tau-\mu\rightarrow\lambda}\lambda 8_{j}^{\iota e\tau-\iota-\mu)}'$ ' $=8^{R}\lambda_{\delta^{\prime}j^{\prime}}^{\tau-\mu}$ , the following result is obtained: Proof. According to the non-holonomic transformation $\lambda_{\gamma}^{\iota^{\prime}\iota\prime}=\sum_{a-\tau}^{f^{\prime}}N_{aa}^{\tau^{\prime\prime},},$ $\lambda_{\tau}^{a^{\prime}a^{\prime}}$ and $\lambda_{6}^{1},;'=\sum_{\beta-\delta}^{\lambda},$ $N_{\delta' J^{\prime}}^{\beta^{\prime}b^{\prime}}\lambda_{\beta b}^{l},$ , we have
Consequently, the following relations are introduced: , we have the equation
Then it follows that $8^{H}w_{\tau^{\prime}i^{\prime}}=\sum_{\tau-r}^{R\sim H},\sum_{\lambda-0}^{R-H-}.\sum_{\delta-\tau+H+\lambda}(-1)^{\lambda}(HB-1-+1\lambda)w_{\delta^{\prime}J^{(\lambda)}}\lambda_{V^{i}}^{\tau\iota},\overline{8}^{H+l}\lambda_{\tau}^{\delta^{\prime}j^{\prime}}YR$ $=\sum_{\lambda=0}^{R\wedge R\sim\tau^{\prime}}\sum(-1)\delta^{\prime}-Y^{\prime}+H+lR$ .
a $(^{H-1+\lambda}-1)w_{\overline{\delta}^{\prime}J^{(l)}},\sum_{\tau-\tau^{\prime}}^{\delta^{\prime}-R-\iota_{\lambda_{\tau'\prime}^{\tau}}}8^{R+\lambda}\lambda_{\tau t}^{\delta^{\prime}j^{\prime}}\neg$ , and by putting Proof. The quantities $\lambda_{\tau' t^{\prime}}^{\tau t}$ must be $X_{(\tau)i}^{(r)i}'$ , in a holonomic $sy8tem$ . Accordingly, (7.2) is calculated as follows:
which $\wedge becomes\mathfrak{Z}^{H+\lambda}\lambda_{\Gamma i}^{5^{\prime}J^{\prime}}=X_{\tau i}^{\delta^{\prime}-(H+\lambda)j^{\prime}}$ , Remark. In a holonomic system, we have the following relation
Next, we shall consider whether such the properties exist or not for the $ 8^{H}\prec$) $peration$ of excovariant extensors in the non-holonomic system. nearer to the holonomic case. But we shall put off treatments of these relations for the present. (January, 1950) 
